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Abstract We study the perfect Bose gas in random external potentials and show that there
is generalized Bose-Einstein condensation in the random eigenstates if and only if the same
occurs in the one-particle kinetic-energy eigenstates, which corresponds to the generalized
condensation of the free Bose gas. Moreover, we prove that the amounts of both condensate
densities are equal. Our method is based on the derivation of an explicit formula for the oc-
cupation measure in the one-body kinetic-energy eigenstates which describes the repartition
of particles among these non-random states. This technique can be adapted to re-examine
the properties of the perfect Bose gas in the presence of weak (scaled) non-random poten-
tials, for which we establish similar results. In addition some of our results can be applied
to models with diagonal interactions, that is, models which conserve the occupation density
in each single particle eigenstate.

Keywords Generalized Bose-Einstein condensation - Random potentials - Integrated
density of states - Lifshitz tails - Diagonal particle interactions
1 Introduction

The study of Bose-Einstein Condensation (BEC) in random media has been an important
area for a long time, starting with the papers by Kac and Luttinger, see [1, 2], and then by
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Luttinger and Sy [3]. In the last reference, the authors studied a non-interacting (perfect) one
dimensional system with point impurities distributed according to the Poisson law, the so-
called Luttinger-Sy model. The authors conjectured a macroscopic occupation of the random
ground state, but this was not rigorously proved until [5]. Although the free Bose gas (i.e.,
the perfect gas without external potential) does not exhibit BEC for dimension less than
three, the randomness can enhance BEC even in one dimension, see e.g. [4]. This striking
phenomenon is a consequence of the exponential decay of the one particle density of states
at the bottom of the spectrum, known as Lifshitz tail , or “doublelogarithmic” asymptotics,
which is generally believed to be associated with the existence of localized eigenstates [16].

BEC, however, is usually associated with a macroscopic occupation of the lowest one-
particle kinetic-energy eigenstates, which are spatially extended (plane waves). Therefore,
it is not immediately clear whether the phenomenon discovered in random boson gases, i.e.
macroscopic occupations of localized one-particle states, has any relation to the standard
BEC. This is of particular interest in view of the applications of the well-known Bogoli-
ubov c-number approximation [6] to disordered boson systems, see e.g. [12, 13] where the
creation/annihilation operators for the kinetic energy ground state are replaced by complex
numbers. Although it has been known since the work of Ginibre [7] that this procedure gives
the correct pressure in the thermodynamic limit and moreover, it does not require translation
invariance, see [8], the associated variational equation (Condensate Equation) [9], has a triv-
ial solution unless there is generalized condensate in the lower momentum states. Since such
a condensate is not to be expected a priori in random systems, it is therefore interesting to
investigate if such type of BEC occurs in some random simple models. One should note that
even for translation invariant models, the relation between the solution of the condensate
equation and the occupation of the kinetic energy ground state is not straightforward [10].

In this paper, we prove that for the perfect Bose gas in a general class of non-negative
random potentials, BEC in the random localized one-particle states and BEC in the lowest
one-particle kinetic-energy states occur simultaneously, and moreover the density of the
condensate fractions are equal. Our line of reasoning is also applicable to some non-random
systems, for example to the case of the perfect gas in weak (scaled) external potentials
studied in [24]. We note that our proof for the fact that BEC in the random localized one-
particle states implies BEC in the lowest one-particle kinetic-energy states holds without
modification for a certain class of boson gases with diagonal interactions (i.e. invariant with
respect to the “local” gauge transformations), while the implication in the other direction
requires some additional arguments which will be given in a later work.

The structure of the paper is as follows: in Sect. 2 we describe our disordered system, and
in Sect. 3, we recall standard results about the corresponding perfect Bose gas. The existence
of generalized BEC in the eigenstates of the one-particle Schrodinger operator follows from
the finite value of the critical density for any dimension, which is a consequence of the
Lifshitz tail in the limiting Integrated Density of States (IDS). It is well-known that the IDS
is a non-random quantity, see e.g. [16], and therefore the BEC density is also non-random
in the thermodynamic limit. In Sect. 4, we turn to the main result of this paper: we show that
this phenomenon occurs if and only if there is also occupation of the lowest one-particle
kinetic-energy eigenstates. The latter corresponds to the usual generalized BEC in the free
Bose gas, that is a perfect gas without external potential. To establish this we prove the
existence of a non-random limiting occupation measure for kinetic energy eigenstates, and
moreover, we obtain an explicit expression for it. To this end, we need some estimates for
the IDS before the thermodynamic limit, namely a finite volume version of the Lifshitz tail
estimates, which we prove in Sect. 5, using techniques developed in [14, 15]. For any finite
but large enough system, these bounds hold almost surely with respect to random potential
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realizations. In Sect. 6, we look at the particular case of the Luttinger-Sy model and examine
the nature of the condensate in the one-particle kinetic energy eigenstates, showing that
although there is generalized BEC, no condensation occurs in any of them. In Sect. 7, we
describe briefly how the method developed in Sect. 4 applies with minor modifications to
a perfect Bose gas in a general class of weak (scaled), non-random external potentials. To
make the paper more accessible and easy to read, we postpone some technical estimates
concerning random potentials and Brownian motion to Appendices A and B, respectively.

2 Model, Notations and Definitions

Let {A; :=(—1/2,1/2)%};>1 be a sequence of hypercubes of side / in R?, d > 1, centered at
the origin of coordinates with volumes V; = I. We consider a system of identical bosons,
of mass m, contained in A;. For simplicity, we use a system of units such that h =m = 1.
First we define the self-adjoint one-particle kinetic-energy operator of our system by:

ho=— ! A 2.1
| = 5 D> .
acting in the Hilbert space 9% :== L%(A;). The subscript D stands for Dirichlet boundary
conditions. We denote by {w,l(, s,l(}kzl the set of normalized eigenfunctions and eigenvalues
corresponding to h?. By convention, we order the eigenvalues (counting the multiplicity) as
el <eh<el <.
We define an external random potential v (-) : @ x RY = R, x — v®(x) as a random
field on a probability space (€2, F, IP), satisfying the following conditions:

(1) v”, w € 2, is non-negative;
() p:=Plw:v?0)=0}<1.

As usual, we assume that this field is regular, homogeneous and ergodic. These techni-
cal conditions are made more explicit in Appendix B. Then the corresponding random
Schrédinger operator acting in 5% := L?(RY) is a perturbation of the kinetic-energy op-
erator:

|
h® ::—EA—Q—U”’, 2.2)

defined as a sum in the quadratic-forms sense. The restriction to the box A, is specified
by the Dirichlet boundary conditions and for regular potentials one gets the self-adjoint
operator:

1 :
he = <——A+v“’> =h) +v*, (2.3)
2 D

acting in %]. We denote by {qblf”‘l, E;"‘I},-zl the set of normalized eigenfunctions and cor-
responding eigenvalues of /;. Again, we order the eigenvalues (counting the multiplicity)
so that Ei”’l <E7 4 < EY ... Note that the non-negativity of the random potential implies
that £ i‘”l > 0. So, for convenience we assume also that in the thermodynamic limit almost
surely (a.s.) with respect to the probability P, the lowest edge of this random one-particle
spectrum is:

(iii) a.s.-lim;_ o EY" =0.
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When no confusion arises, we shall omit the explicit mention of / and @ dependence.
Note that the non-negativity of the potential implies that:

(@ Q) C Q(h?), Q being the quadratic form domain,

Y 0 " (2.4)
(b) (@, h’p) = (9, h)p), Yo Q).

Now, we turn to the many-body problem. Let .%; := .%;(.5¢]) be the symmetric Fock
space constructed over 7. Then H; := dI'(h{’) denotes the second quantization of the one-
particle Schrodinger operator A’ in .%,. Note that the operator H; acting in %, has the
form:

Hy= E?'a*(¢)a@)), 2.5)

Jj=1

where a*(¢;), a(¢;) are the creation and annihilation operators (satisfying the boson Canon-
ical Commutation Relations) in the one-particle eigenstates {¢; := ¢;’ ‘I}I-Z i of h’. Then, the

grand-canonical Hamiltonian of the perfect Bose gas in a random external potential is given
by:

Hi() = Hy — uNy =Y (EP" = ))Ni(@y), (2.6)

i>1

where N;(¢;) := a*(¢;)a(¢;) is the operator for the number of particles in the eigenstate ¢;,
N =3 ; Ni(¢;) is the operator for the total number of particles in A; and p is the chemical
potential. Note that N; can be expanded over any basis in the space 747, and in particular
over the one defined by the free one-particle kinetic-energy eigenstates {1/, & }i.

Although this paper is mainly devoted to the perfect Bose gas, some of our results can
be extended to a class of models with “diagonal interaction” in addition to the random
potential. By this we mean models with Hamiltonian HZU (n) := H;(n) + Uy, where Uj is a
many-body interaction, satisfying the “local” gauge invariance:

[H (1), Ni(@;)] =0 2.7)
for any j > 1, or equivalently:
eTINOD HY (e M) = HY (), y; €R' j= 1. (2.8)

The latter means that U, is a function of the occupation number operators {N;(¢;)};>1, and
for this reason it is called a “diagonal interaction”. We shall assume that U; is bounded
from below. A well-known example is the mean-field interaction U, := )»NI2 /2Vi, A= 0.
[19, 20]. Our results for the general diagonal interaction are weaker than for the mean-field
interaction, see Remarks 4.1 and 4.2.

Note that in the free Bose gas, with periodic boundary conditions the “local” gauge in-
variance (2.7) gives the same selection rule as the momentum conservation law which en-
sures that the number of particles in each momentum state is conserved. In the random
model there is no such momentum selection rule but in our model it is the particle number
in each random eigenstate ¢; that is conserved.

We denote by (—) HY the equilibrium quantum Gibbs state defined by the Hamiltonian

HY (w):
_ Trg {exp(—BH" (1) A}

A),u (B, = ,
Wap (P10 Tr 7, exp(—BH" (1))
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and we put (—); := (—) HY=0- For simplicity, we shall omit in the following the explicit
mention of the dependence on the thermodynamic parameters (8, ). Finally, we define the
Thermodynamic Limit (TL) as the limit, when [ — oo.

3 Generalized BEC in One-Particle Random Eigenstates

In this section we consider the possibility of macroscopic occupation of the one-particle ran-
dom Schrodinger operator (2.3) eigenstates {¢; };>;. Recall that the corresponding limiting
IDS, v(E), is defined as:

1
v(E) ::llim v (E) :llim vji{i : Elf”’l < E}. 3.1
—00 —o00 V)

Although the finite-volume IDS, v{’(E), are random measures, one can check that for ho-
mogeneous ergodic random potentials the limit (3.1) has the property of self-averaging [16].
This means that v(E) is almost surely (a.s.) a non-random measure. Let us define a (random)
particle density occupation measures m; by:

1
mi(A) := 7 Z (Ni(#))1, ACR. (3.2)

liEea

Then using standard methods, one can prove that this sequence of measures has (a.s.) a
non-random weak-limit m, see (3.8) below. Moreover, if the critical density

. *© 1
Pe 1= hm/(; mv(dbj) (33)

n—0

is finite, then one obtains a generalized Bose-Einstein condensation (g-BEC) in the sense
that this measure m has an atom at the bottom of the spectrum of the random Schrodinger
operator, which by (iii), Sect. 2, is assumed to be at 0:

. . 1 0 if p < pg,
m({0) =lim lim Y — (Ny(¢))1 = {_ L= (3.4)
NOI%OO,«:E,Q; Vi P~ Pc 1f)0210c:

where p denotes a (fixed) mean density [4, 5]. Physically, this corresponds to the macro-
scopic occupation of the set of eigenstates ¢; with energy close to the ground state ¢;.
However, we have to stress that BEC in this sense does not necessarily imply a macroscopic
occupation of the ground state. In fact, the condensate can be spread over many (and even
infinitely many) states.

These various situations correspond to classification of the g-BEC on the types I, II
and III, introduced in the eighties by van den Berg-Lewis-Pulé, see e.g. [17] or [6, 18].
The most striking case is type III when generalized BEC occurs in the sense of (3.4) even
though none of the eigenstates ¢; are macroscopically occupied. The realization of differ-
ent types depends on how the relative gaps between the eigenvalues E; at the bottom of the
spectrum vanishes in the TL. To our knowledge, analysis of this behaviour in random system
has only been realised in some particular cases, see [5] for a comprehensive presentation.
The concept of generalized BEC is more stable then the standard one-mode BEC, since it
depends on the global low-energy behaviour of the density of states, especially on its ability
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to make the critical density (3.3) finite. We note also that, since the IDS (3.1) is not random,
the same it true for the amount of the g-BEC (3.4).

We can also obtain an explicit expression for the limiting measure m. Note that we have
fixed the mean density p, which implies that we require the chemical potential p to satisfy
the equation:

_ 1 1 1
p= (N ) = - Yo —— (3.5)

w,l
L BE 0

for any /. Since the system is disordered, the unique solution uj’ := uy’(8, p) of this equation
is a random variable, which is a.s. non-random in the TL [4, 5]. In the rest of this paper we
denote the non-random p := a.s.-lim;_, o p’. By condition (iii), Sect. 2, and by (3.7) it is
a continuous function of p:

o itpzp.
peBpy =1 T P=P (3.6)
r<0 ifp<p,

where 1t := (B, p) is a (unique) solution of the equation:

_ o 1
,02/0 m”(dE), 3.7

forp < p..

Remark 3.1 Note that (., is non-positive (3.6), which is not true in general for the random
finite-volume solution uj’. Indeed, the only restriction we have is that u’ < Ei”‘l, which
is the well-known condition for the pressure of the perfect Bose gas to exist. We return to
this question in Sect. 4 when we study BEC in the free one-particle kinetic-energy operator
eigenfunctions in the presence of a random potential.

We also recall that for (3.6) the explicit expression of the weak limit for the general
particle density occupation measure is:

(P — p)S(E) + (ePF —1)~'(dE) ifp > o,

3.8
(ePE—He) — 1)~1)(dE) if o < pe. G

m(dE):{

We end this section with a comment about the difference between the model of the perfect
Bose gas embedded into a random potential and the free Bose gas. In the latter case, one
should consider the IDS of the one-particle kinetic-energy operator (2.1), which is given by
the Weyl formula:

Vv(E)=C, E?, (3.9)

where is C, is a constant term depending only on the dimensionality d. It is known that for
this IDS, the critical density (3.3) is finite only when d > 2, and hence the fact that BEC
does not occur for low dimensions. On the other hand, a common feature of Schrodinger
operators with regular, stationary, non-negative ergodic random potentials is the so-called
Lifshitz tails behaviour of the IDS near the bottom of the spectrum. When the lower edge of
the spectrum coincides with E = 0 (condition (iii)), this means roughly that (see for example

[16]):
V(E) ~ e~ /E""? (3.10)
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for small E and a > 0. Hence, the critical density (3.3) is finite in any dimension, and there-
fore enhances BEC in the sense of (3.4) even for d = 1, 2. This was shown in [4, 5], where
some specific examples of one-dimensional Poisson disordered systems exhibiting g-BEC
in the sense of (3.4) were studied. In this article we require only the following rigorous upper
estimate:

Elirg+(—Ed/2) In(v(E)) >a >0, 3.1

for some constant a. This can be proved (see [14]) under the technical conditions detailed
in Appendix B, which are assumed throughout this paper. In particular these conditions are
satisfied in the case of Poisson random potentials with sufficiently fast decay of the potential
around each impurity.

4 Generalized BEC in One-Particle Kinetic Energy Eigenstates
4.1 Occupation Measure for One-Particle Kinetic Energy Eigenstates

Similar to (3.2), we introduce the sequence of particle occupation measure 7, for kinetic
energy eigenfunctions {y := ¥/} }xe A

1
mi(A) == v > (N@N, ACR, 4.1)

! k:exeA

but now in the random equilibrium states (—); corresponding to the perfect boson gas with
Hamiltonian (2.5).

Note that, contrary to the last section, the standard arguments used to prove the existence
of a limiting measure in TL are not valid for (4.1), since the kinetic energy operator (2.1)
and the random Schrodinger operator (2.3) do not commute.

We remark also that even if we know that the measure m (3.8) has an atom at the edge
of the spectrum (g-BEC), we cannot deduce that the limiting measure /% (assuming that it
exists) also manifests g-BEC in the free kinetic energy eigenstates .

Now we formulate the main result of this section.

Theorem 4.1 The sequence of measures m; converges a.s. in a weak sense to a non-random
measure m, which is given by:

(0 — pc)do(de) + F(e)de  ifp > po,

mde) = {F(S)da ifp<pe

with density F(¢) defined by:

F(e) = (26)%! / dog(v2em,).
Sd

Here, S ; denotes the unit sphere in R centered at the origin, n, the unit outward drawn
normal vector, and do the surface measure of S}. The function g is defined as follows

1 ikx nB oo n
g(k) :=W/Rddxek > R, (K1 (x.0)) 4.2)

n>1
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where B, is the expectation on the probability space (2, F,P) and K! (x, x’) is the kernel
of the operator e~ .

Note that since the measures w"# on Q?g ) are normalized, we recover from (4.2) the
expression for the free Bose gas if we put v” = 0.
Before proceeding with the proof, we give some comments about these results.

(a) First, the existence of a non-trivial limiting kinetic energy states occupation measure
provides a rigorous basis for discussing the macroscopic occupation of the free Bose
gas eigenstates.

(b) Moreover, both occupation measures (3.8) and (4.1) do not only exhibit simultaneously
an atom at the bottom of the spectrum, but these atoms have the same non-random
weights. It is quite surprising that the generalized BEC triggered by the Lifshitz tail in
a low dimension disordered system produces the same value of the generalized BEC in
the lowest one-particle kinetic-energy states.

(c) In addition our proofs have the following consequence for models with diagonal interac-
tion U;. The occurrence of generalized BEC in random one-particle states implies there
is generalized BEC in the extended, i.e., kinetic-energy eigenstates and the density of
the former cannot exceed the density of the latter. Our proof also shows that in spite of
the lack of translation invariance in the random system, condensation always occurs in
the lower kinetic energy states provided we can prove monotonicity of the finite-volume
mean occupation numbers, (N;(¢;)) Hy asa function of j > 1, which can be done for
the mean-field case.

4.2 Proofs

We start by expanding the measure 2 in terms of the random equilibrium mean-values of
occupation numbers in the corresponding eigenstates ¢;. Using the linearity (respectively
conjugate linearity) of the creation and annihilation operators one obtains:

1
my(A) = o 3 (@ Wao)

! kiepeA

1 -
= 0 @i v @ i@ (@a(d))

i,j kiepeA

1
= VZZ D 1@ v Pa (gale). (4.3)

i k€A

In the last equality, we have used the “local” gauge invariance (2.7) which implies that:
(a*(da(@;) =0 ifi#j.
We first prove two important lemmas.
The first result states that if there is condensation in the lowest random eigenstates {¢;};,

then there is also condensation in the lowest kinetic-energy states {y},. Moreover, the
amount of the latter condensate density has to be not /ess than the former.
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Lemma 4.1 Let {m, },>, be a convergent subsequence. We denote by m its (weak) limit.
Then:

p—pc ¥P=pc,

m({0}) = m({0}) = { 7 < e

Proof Let y > 0. Using the expansion of the functions v in the basis {¢; };>1, we obtain:

1
(0, yD) = lim o= 3 (N, (Yih,
" kg <y

—lim — Y 3@ RN, @),

r—oo V,
Lr kiep<y i>1

> tim = Y3 1@ v PN, @)

e <y i:E; <6

for any § > 0. The non-negativity of the random potential (2.4) implies:

1 1
PCRATEY ‘97"|(¢,-,wk)|25;Zem,«,wmz:;(dn,h?«m

k:eg>y k:eg>y k>1

1 E’”
_((t’uhl ¢l) -

<

‘We then obtain:

1
a0, y]) = Jim == 3 (N (g0 (1— > |(¢,,m>|)

r itE; <6 kg >y

1
> lim = > (N, @), (1 = Eify)

Ir i Ei<s

1
= lim (1= 8/y) 5= D (N, @), = (1 = 8/y)m(10.81)2 0.

I iEi<s
But § is arbitrary, and the lemma follows by letting § — O. ]

Remark 4.1 (Diagonal Interaction) The proof of Lemma 4.1 can be readily extended to a
version which does not require the sequence of measures 72, to converge. This is valid for
models with Hamiltonian HlU, which satisfy the invariance condition (2.7) and for which
the random potential is non-negative. The equivalent statement is then:

Suppose that the sequence m; converges to m, then

lim liminfm, ([0, 8]) > m({0}).
8—0 [—o0
In the next lemma, we show that for the perfect gas the kinetic states occupation measure
(4.1) can have an atom in the thermodynamic limit only at zero kinetic energy. We shall not

assume that the sequence 71, has a weak limit, instead we consider only some convergent
subsequence. Note that at least one such subsequence always exists, see [21], Chap. VIIL.6.
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28 T. Jaeck et al.

Lemma 4.2 Let {m, },> be a convergent subsequence, and m be its (weak) limit. Then, it
is absolutely continuous on R, := (0, 00).

Proof Let A to be a Borel subset of (0, co), with Lebesgue measure 0, and let a be such that
infA > a > 0. Then:

iy, (A) = — Z (N, (Y,

r k:greA

- Z D 1@ (N (@0)),

’ kiegeA i

= LY 1@ PN @),

' k:exeAiE;j<a

1
D DD DR R AT (4.4)

Ir kiepeAiEi>a

for some o > 0. Next, we use (2.4) to get the following estimate:

= (¢, hi'¢) = (¢,,h°¢,>—Zsk|(¢l,wk>|2 >a Y (@ Yol

k:egeA

Since the equilibrium value of the occupation numbers (N;(¢;)); = {ef7 " — 1}7" are de-
creasing with i, the estimate (4.4) implies:

11
i, (A) < 5= D EPING @)+ (N B 3 4.5)

Ir @ i Ei<a Vi, kiepeA

where ¢;, denotes the eigenstate of > with the smallest eigenvalue greater than o. Using
again the monotonicity and the finite-volume IDS (3.1) we can get an upper bound for the
mean occupation number in the second term of (4.5), since:

1 1
=g 2@ = 3 D (NGl = (V@i )ovf @). (4.6)
i i:E;<a
Combining (4.5) and (4.6) we obtain:
my, (A) < ap + P /v,o (de). (4.7)
a vl(e) Ja "

Since the measure v° (3.9) is absolutely continuous with respect to the Lebesgue measure,
and v(«) is strictly positive for any o > 0 the limit  — oo in (4.7) gives:

o

(A <22,

a
but o > 0 can be chosen arbitrary small and thus m(A) = 0. To finish the proof, note that
any Borel subset of (0, co) can be expressed as a countable union of disjoint subsets with
non-zero infimum. Our arguments than can be applied to each of them. a
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Remark 4.2 (Diagonal Interaction) Lemma 4.2 can also be extended in the same way as
proposed in Remark 4.1, for Lemma 4.1. Again we assume the invariance condition (2.7)
for interacting bosons with Hamiltonian HIU and the non-negativity of the random potential,
with the additional requirement that the occupation numbers (N (¢;)) Hy are monotonic in i.
This last property is valid for the Bose-gas with a mean-field interaction, see [11].

Above we exploited the fact that the sequence {r;};>; has at least one accumulation
point. However, to prove convergence, we need to make use of some particular and explicit
features of the perfect Bose gas, as well as more detailed information about the properties of
the external (random) potential. In particular, we shall need some estimates of the (random)
finite volume integrated density of states, see Lemma 5.1.

To this end let us denote by P4 the orthogonal projection onto the subspace spanned by
the one-particle kinetic energy states v, with kinetic energy (k) in the set A. Then using
the explicit expression for the mean occupation (a*(¢;)a(¢;)); and (4.3) we obtain:

1 (0]
m(A) = — Tr Pa(ePUT—10 — )~ = Z v Tr Py (e B0 1)y, (4.8)

n>1
Now we split the measure (4.8) into two parts:

1)

m; = m + m(z)

nal“)(A) = Z vTrPA(e’”‘g(hlw*“’))l(lil <1/m),
f

n>1

1 w
P (A) = Y TP (e O > 1), (4.9)

n>1

Note that since the chemical potential satisfies (3.5), p; := p’, the indicator functions
1(u; < 1/n) and 1(w; > 1/n) split the range of n into the sums (4.9) in a random and
volume-dependent way.

We start with the proof of existence of a weak limit of the sequence of random mea-

D,
sures 1,

Theorem 4.2 Let random potential v® satisfy the assumptions (i)—(iii) of Sect. 2. Then for
any d > 1, the sequence of Laplace transforms of the measures nﬁ,(l)

files o) = / O (4.10)
R

converges for any t > 0 to a (non-random) limit f(t; B, lLeo), which is given by:

o112/t

JIGENTSED P /Rd Y G E, (K.’ (x,0)). (4.11)

n>1

Here E,, denotes the expectation with respect to realizations (configurations) w of the ran-
dom potential. Note that the sum on the right-hand side converges for all (non-random)
Uoo <0, including 0, which corresponds to the case p > p..
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Proof By definition of P4 the Laplace transformation (4.10) can be written as:

1 0 w_
it B = 30 3 Tre MGy < 1), “.12)

n>1

Now we have to show the uniform convergence of the sum over n to be able to take the term
by term limit with respect to /. Since for any bounded operator A and for any trace-class
non-negative operator B one has TrAB < ||A|| Tr B, we get

1 {0}
a(n) := — Tre~ ™M e P =101 (1, < 1/n)
1

l w
< vTre‘”ﬂ(hl 01 (< 1/n). (4.13)
1

For p < p., the uniform convergence in (4.11) is immediate. Indeed, for / large enough,
the chemical potential satisfies ©; < (eo/2 < 0, which by (3.1) provides the following a.s.
estimate for (4.13):

ay(n) < e"Pre/? / VP (dE)e PE < K e"Pr/?, (4.14)
[0,00)

with some constant K.

However, for the case p > p,, this approach does not work, since, in fact, for any finite
[ the solutions p; = uy’ of (3.5) could be positive with some probability, event though by
condition (iii) (see Sect. 2) it has to vanish a.s. in the TL. We use, therefore, the bound:

ai(n) <a} (n) +aj (n),

1 w,l
all (n) := Veﬁ Z o "PE; ;
1

{i:EC <1/n1=n)
P L
1 =y )

{i:E>! > 1 /1)

which follows, for some 0 < n < 1, from the constraint u;n < 1 due to the indicator function
in (4.13). Then the first term is bounded from above by:

all (n) < eﬂvf’(n"”).

On the other hand, by Theorem 5.1 (finite-volume Lifshitz tails), fora > 0and 0 <y <
d /2, there exists a subset 2 C 2 of full measure, P(2) = 1, such that for any w € 2 there
exists a positive finite energy £(w) := &, (w) > 0 for which one obtains:

v(E) < e/,

for all E < &(w). Therefore, for any configuration w € Q (i.e. almost surely) we have the
volume independent estimate for all n > N (w) 1= E(w)/~D:

—an(1-my

al(n) <efe (4.15)
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To estimate the coefficients a7 (n) from above, we use the upper bound:
ai(n) < / v (dE) e™PE < efﬂnv/zf V2 (dE) e "PEN
[1/n1=7,00) (1/n1=1 00)
< e—ﬁm/z/ VP (dE) e PBEI2.
[0,00)

Then for some K, > 0 independent of / we obtain:
a’(n) < K,e P12, (4.16)

Therefore, by (4.14) in the case p < p., and by (4.15), (4.16) for p > p., we find that
there exists a sequence a(n) (independent of /) such that:

a;(n) <a(n) and Za(n) < 00. 4.17)

n>1

Thus, the series (4.12) is uniformly convergent in /, and one can exchange sum and the limit:

o0 o0
Jim 710 = im 3 o) = 3 fim o).
n=0 n=0
The rest of the proof is largely inspired by the paper [4]. Let
Qo) ={E:E0) =x,&(T) =x'}

be the set of continuous trajectories (paths) {& (s)}ST:0 in R?, connecting the points x, x,
and let w’ denote the normalized Wiener measure on this set. Using the Feynman-Kac
representation, we obtain the following limit:

1 w
lim a;(n) = lim — Tre~" e " =101(u, < 1/n)
l—o0 |—o0 Vl

. 1 0 1]
= lim —/ / dxdx’e ™™ (x, x")e WO (x| x)
I-o00 Vj A I
1 efofx’Hz(l/2nﬁ+l/2t)
= ¢"Phe lim —/ f dxdx’
I-o00 V) A A (4n2tn,3)d/2

— [ gsv® (g (s
x/w w™ (dg)e Jo™ dsve & ))XA,.nﬁ(-‘;:)/
Q[

Q(x’,x) (x,x’

w'(dE) xa, (), (4.18)
)

where we denote by xa, r(§) the characteristic function of paths & such that £(¢) € A, for
all 0 <t < T. Using Lemma A.2, we can eliminate these restrictions, and also extend one
spatial integration over the whole space:

lim 1 Tre~"h =B} =)
=00 V)

1 e~ =121/ 2np+1/20) 1B G5y
= """ lim / dx— / dx’ / w (dg)e o B EG),
100 Jpa v A (47T2tnﬂ)d/2 Q"

/. x)

(4.19)
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Now, by the ergodic theorem, we obtain:
lim a;(n)
=00

= lim iTre_’h?e_”Mh?)_’”)

=00 V)
1 e~ Ix=x"17(1/2nB+1/20) B o
="Mt lim —/ dx’ / dx—/ w" (dg)e o~ dvUEG)
I—-o00 V) A R (472tnB)4/2 Q:lﬁ/ )
5 e~ IxI7(1/2np+1/20) 5 9 e ey
= ¢"PHoR dr——— w" (dg)eJo BEEI L 4.20
‘”{/Rd (4m2tnp)dr /Qnﬁ (&) } (4.20)

0,x)
We then get the explicit expression for the limiting Laplace transform:

o~ Ix17(1/2n8+1/20)

. _ nBitco np — JP dsv® (5))
Fpo) =3 e [ e Ew{fgﬂ w® (dg)e }

n>1 (0,x)
which finishes the proof. O

Corollary 4.1 For any p the sequence of random measures ﬁ’il(l) converges a.s. in the weak

sense to a bounded, absolutely continuous non-random measure mWD, with density F(¢)
given by

F(e) = (2s)d/2—1f dog(v2¢en,).
s{ll

Here, S (} denotes the unit sphere in RY, n, the outward drawn normal unit vector, do the
surface measure on S ‘} and the function g has the form

1

g(k)=W

ikx npiteo np
/Rddxe > PR, (K (x, 0)). 4.21)

n>1

Proof By Theorem 4.2, the existence of the weak limit =" follows from the existence of
the limiting Laplace transform. Moreover, we have the following explicit expression:

/ m (de)e "
R
e~ lxl?/2e e~ lIxl?/2np o8
:/ dr Zenﬁ“ Ew/ w" (dg)eJo~ BVEW)
rd  (2mwr)d/? = (2mnpB)d/? Q'

©.x)
2
:/ dre=I" /2rd_1/ dog(rn,)
[0,00) s!

d

= / dee™" (26)4/2! f dog(v/2en,),
[0,00) sy

which proves the corollary. a
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Corollary 4.2 The measure mV satisfies the following property:

[ avan=iP v e
[0,00) Pe lf,OZ,Oc.

Proof By virtue of (4.12) we have:
1 w
[ e = £ fuao) = fim 3 Tre 01y < 1),
[0.00) oo Vi

Note that by uniformity of convergence of the sum, see (4.15), (4.16), we can take the limit
term by term (for any value of p), and then:

- ' w
/ Y (de) = Z lim — Tre P07 —m)
[0,00) = l—o00 VI

— Z V(AE)e P E=1)

n>1 [0,00)

= / V(E) (P ) — 1),
[0,00)
where we use Fubini’s theorem for the last step. ]

We are now ready for the proof of the main result of this section:

Proof of Theorem 4.1 We first treat the case p < p.. In this situation, the measure n~11<2> is
equal to O for / large enough, see (4.9), since the solution lim;_, i’ (3.5) in the TL is a.s.
strictly negative. Thus, the total occupation measure 71, is reduced to nﬁf]) and the theorem
follows from Corollary 4.1.

Now, consider the case p > p.. Choose a subsequence /. such that the total kinetic-energy
states occupation measures 72;, converge weakly and a.s., and let the measure m be its limit.
By Corollary 4.1, all subsequences of measures rh,(:) converge to the limiting measure (.
Therefore, by (4.9), we obtain the weak a.s. convergence:

lim 72>
r—>00

: =m?,

By Lemma 4.2, we know that the measure m is absolutely continuous on (0, c0), and by
Corollary 4.1 that iV is absolutely continuous on [0, o). Therefore we get:

n';la.c. — fﬁ(]) 4 n~1(2)a.c.’

where a.c. denotes the absolute continuous components.

By definition of the total measure (4.9), m ([0, c0)) = p and by Lemma 4.1, m({0}) >
0 — pe. Thus, m((0, 00)) < p. and by Corollary 4.2, we can then deduce that the measure
m® has no absolutely continuous component and therefore consists at most of an atom at
& = 0. Consequently, the full measure 7 can be expressed as:

m=m" 4+ bso =mV + b,
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and since by Corollary 4.2
b7 / e (de) = — / P (de) =7 — pe
Ry Ry

for the converging subsequence r1;, , we have:
lim 7y, =m"Y + (5 — p)d.
l,—00

By (4.22) and Corollary 4.1, this limit is independent of the subsequence. Then, the limit of
any convergent subsequence is the same, and therefore, using Feller’s selection theorem, see
[21], Chap. VIIL6, the total kinetic states occupation measures 71; converge weakly to this
limit. O

5 Finite Volume Lifshitz Tails

In this section, we give the proof of one important building block of our analysis, Theo-
rem 5.1 about the finite-volume Lifshitz tails. Recall that this behaviour is a well-known
feature of disordered systems, essentially meaning that for Shrodinger operators which are
semi-bounded from below, there are exponentially few eigenstates with energy close to
the bottom of the spectrum. To our knowledge, however, this is always shown only in the
infinite-volume limit, see e.g. [16]. Here, we derive a finite-volume estimate for the density of
states, uniformly in /, though it could be trivial for small volumes. As one would expect our
result is weaker than the asymptotic one, in the sense that we prove it for Lifshitz exponent
smaller than the limiting one.

Theorem 5.1 Let the random potential v* satisfy the assumptions (1)—(iii) of Sect. 2. Then
forany o > 0 and 0 <y < d/2, there exists a set Qceo of full measure, ]P’(fZ) =1, such
that for any configuration o € Q one can find a positive finite energy £(w) := &, (@), for
which one has the estimate:

VP(E) < e/

forall E < &(w) and for all I.

Remark 5.1 We want to stress that the statement in Theorem 5.1 is valid for all /, but of
course, it can be trivial for small /. For example from the positivity of the potential we know
that v’(E) = 0 for E < 72d/I? and therefore the estimate is trivial for [ < 7 /+/E(w).

For the proof, we first need a result from [14].
Lemma 5.1 By assumption (ii) (Sect. 2) one has,
p=Plo:v”(0)=0} <1.
Leta > p/(1—p), B=n/(1+a),and E{""" := EV" be the first eigenvalue of the random

Schriodinger operator (2.3) with Neumann (instead of Dirichlet) boundary conditions. Then,
for 1 large enough, there exists an independent of | constant A = A(x), such that

Plw: EN < B/IP} < eV, (5.1)
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Detailed conditions on the random potential and a sketch of the proof of this lemma are
given in Appendix B. Now we use Lemma 5.1 to prove the following result:

Lemma 5.2 Assume that the random potential satisfies the assumptions of Lemma 5.1. Then
foranyoa >0and 0 <y <d/2,

ZIF’{I:I{Z' : Elf”‘l < l/n} > Vie ", for some | > 1} < 00.

n>1

Proof Notice that

> P{afi: EP' < 1/n} > Vie™”, for some > 1} = Z]P’{US,"}, (5.2)

n>1 n>1 1>1

where S is the set
n . w,l 1 —an?
S = w:jjz:Ei‘<; > Ve .

The sum in the right-hand side of (5.2) does not provide a very useful upper bound, since
the sets S}’ are highly overlapping. We thus need to define a new refined family of sets to
avoid this difficulty.

To this end we let [a]; be the smallest integer > a, and we define the family of sets:

an? 1
Vi = {w:ﬁ{i:E,{U’[(ke M <—}Zk}.
n

P —an? . _qd . . . .
Let k :=[V,e™®"" ],. Since V; =1, this implies that 2> > hﬁkewV)l/d]g and therefore:

anV 1 1
n{i Ll e —} > tt{i HEP < —}~
n n

If now w € S}, then by the definition of k we obtain:
. w,l 1
i E™ < = >k,
n

since the left-hand side is itself an integer. Thus, S} C V;" and:

]P’(U s,”) §]P’<U V,;’). (5.3)
1>1 k>1
We define also the sets:

an? 1
W= {a):ﬁ{i L Tk e _} :k}. (5.4)
n

Letw € (V' \ W!). Then by h we get:

w < [&]
(v 17y, = Piggeant iray,

) an? \1/d 1 ) an? \1/d 1
ﬁ[l :Efl)-[((kJFl)‘ ) 1+ < _} 2 ]i[l :E;U-[(kL ) 1+ < _} Z k + 1
n

! n
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Hence, (V' \ W) C V|, and therefore we have for any fixed n and k:
VECWIUVL,. (5.5)
Applying this inclusion M times, for k=1, ..., M, we obtain:
M M M M
Uwc (Wl” ulJ Vk") c (Wl” uwyul Vk”) c---C (U W:) UV (5.6)
k=1 k=2 k=2 k=1

Then we take the limit M — oo to recover the infinite union that one needs in (5.3) and we
use the inclusion (5.6) to find the inequality:

M
]P’<U v,;’) = lim P(ka")
k=1

k>1

M [}
< lim (Zw:) +P(vzzm>) = Y B(W) + lim P(Vi). G7)
k=1

M—o0
k=1

The limit in the last term can be calculated directly:

an? 1
lim P(V!) = lim ]P{w:jj{i L EolMe ) e —} zM}
M—o0 M—o0 n

= A}Enoop{w : V[(Meany>1/d]+(1/n) = _[(Meo‘”y)l/d]‘i }

=Plo:v(1/n) > Ke ™"}, (5.8)

for some constant K. In the last step we used dominated convergence theorem.
Now we can use the Lifshitz tails representation for the asymptotics of the a.s. non-
random limiting IDS, v(E), see (3.11), which implies:

limsupe™*v(1/n) <1, (5.9)

n—oo

for a > 0. Since we assumed that 0 < y < d/2, there exists ny < oo such that by (5.8) and
(5.9) for all n > ny we get:

lim P(V}) =0.

M—o0
This last result, along with (5.3) and (5.7), implies that:
o0
ZP(U S,") <> D P(Wp). (5.10)
n>ng =1y n>ng k=1

Now, we show that the upper bound in (5.10) is finite. First we split the box A un? y1/a,
into m(k, n) disjoints sub-cubes of the side /(k, n), with the following choice of parameters:

m(k,n) :=[kM,], M,:= B2 y=d/2,
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[(ke"")/ ]

o= (m(k, n))'/4

Here B is the constant that comes from Lemma 5.1. Now by the Dirichlet-Neumann in-
equality, see e.g. [22], Chap. X1II.15, we get:

m(k,n)

hD

[(keomy)l/d]Jr [(keumy)l/d]Jr @ hl(k n)’ (511)

where h,’(,fv  denotes the Schrodinger operator defined in the j-th sub-cube of the side
[(k,n), with Neumann boundary conditions. Note that, by the positivity of the random po-
tential, we obtain:

/4
EwN >

1
—. 5.12
’2_’2_l(kn)2_n ©-12)

Here E7; " denotes the second eigenvalue of the operator h; ,(k e and 8 ', the second eigen-

value of Al(kfn), i.e. the kinetic-energy operator defined in the j-th sub cube of the side
[(k, n) with the Neumann boundary conditions.

By (5.12), we know that to estimate the probability of the set (5.4) by using the Dirichlet-
Neumann inequality (5.11), only the ground state of each operator hlj(kN n 18 relevant. Since
the sub-cubes are stochastically independent, we have:

P(Wp) <Plo:a{j: ESY < 1/n} =k} <"*"Cig* (1 — g)"* 7 <m0 gt

with g being the probability P{w : E;ff’lN < 1/n}. The latter can be estimated by Lemma 5.1.
So, finally we obtain the upper bound:

P(Wy) <™ Cpexp{—kA(l(k,n))?}. (5.13)
Using Stirling’s inequalities, see [23], Chap. I1.12:
Q) 212 < 1 < 2(257) V212
we can give an upper bound for the binomial coefficients "*")C; in the form:

2(27) 2 (k M, + 8)*Mi+5+1/2) exp(—k M, + 8)
Q)2 exp(—k) - (kM,, + 8 — k) kMuts—k+1/2 exp(—k M, + 8 — k)

(5.14)

where § > 0 is defined by:
mk,n) =[kM,]y =kM, + 8.

Then (5.14) implies the estimate:

m(k,n)ck < Kl

kM, + 8)kMat3+172 1 + o) kMats+5)
(KW, 1) < Kl(Mm( dto) * )
K53 (kM,, — k)kMa+5—k+1/2 (1 — o) kMu+3+5 b

for some K; > 0 and

oy :=8(kM,)™", 0y = M;l.
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Since 6/k < 1 and 0, — 0 as n — o0, and also using the fact that x In(1 4+ 1/x) — 1 as
x — 00, we can find a constant ¢ > 0 such that, for n large enough one gets the estimate:

(1 + M—l)(kM,,)

mkm < Kl(Mn)k<_(1 — MM

> < Ki(M,) e (5.15)

The side I(k, n) of sub-cubes has a lower bound:

_ [(keomy)l/d]+ - (keoth)l/d

1/d
l(k,n)= -~ dj2, d/2 (516
M= ey = e (Buy 47+ 87 —( "iie) 0 O19

Combining (5.15), (5.16) and (5.13) we obtain a sufficient upper bound:

Z]P(W]?) < Zm(k.n)cke—kAld(k.n)

k>1 k>1

papd/2,d)2
< Z Kl (Mn)kecke kABY“n%= [(1401)
k>1

< Ky Y _exp{k(an” — (d/2)In(nB) + c — AB**n"?)}
k>1

< K; Zexpk(any — AB*n* + K,) < Ksexp(—Ken?).
k>1

Here K; are some finite, positive constants independent of k, n, [, for any n large enough.
Now the lemma immediately follows from (5.10). ]

Proof of Theorem 5.1 Let A, to be the event:
Ay i={w:vP(1/n) > e~ for some [}. (5.17)

By Lemma 5.2, we have:

> P(A,) < o,

n>1

and therefore, by the Borel-Cantelli lemma one gets that with probability one, only a finite
number of events A,, occur. In other words, there is a subset Q C Qof full measure, IP’(SNl) =
1, such that for any w € € one can find a finite and independent on / number ny(w) < oo for
which, in contrast to (5.17), we have:

v’ (1/n) < e~ forall n > ng(w) and for all / > 1.

Define £(w) :=1/n¢(w). For any E < £(w), we can find n > ny(w) such that:

<E=<

)

S| -

1
2n
and the theorem follows with the constant « modified by a factor 277. a
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6 On the Nature of the Generalized Condensates in the Luttinger-Sy Model

In this section, we study the van den Berg-Lewis-Pulé classification of generalized BE con-
densation (see discussion in Sect. 3) in a particular case of the so-called Luttinger-Sy model
with point impurities [3]. Formally the single particle Hamiltonian for this model is

1
hY=—2A+a) 8k —xp), (6.1)
i

where the x;’s are distributed according to a Poisson law and a = +00.

We first recalls some definitions to make sense of this formal Hamiltonian. Let u(x) > 0,
x € R, be a continuous function with a compact support called a (repulsive) single-impurity
potential. Let {1} ,cq be the random Poisson measure on R with intensity A > 0:

P({w e Q: ul(A) =n}) = neNy=NU {0}, 6.2)

AAD"
GIAD"
n!
for any bounded Borel set A C R. Then the non-negative random potential v generated by
the Poisson distributed local impurities has realizations

VO (x) = /R uy@yu(x —y)= Y u(x —x?). (6.3)

x‘;’GX”’

Here the random set X“ corresponds to impurity positions X = {x?}; C R, which are the
atoms of the random point Poisson measure, i.e., #{X“ [ A} = uy(A) is the number of
impurities in the set A. Since the expectation E(vy’(A)) = A|A], the parameter A coincides
with the density of impurities on R.

Luttinger and Sy defined their model by restriction of the single-impurity potential to
the case of point §-potential with amplitude @ — +oo. Then the corresponding random
potential (6.3) takes the form:

ve(x) = /}R v (dy)ad(x —y)=a Z S(x —xf). (6.4)

x?exw

Now the self-adjoint one-particle random Schrédinger operator h? := h® 4+ v is de-
fined in the sense of the sum of quadratic forms (2.2). The strong resolvent limit i7g :=
s.r.lim,_, oo hY is the Luttinger-Sy model.

Since X generates a set of intervals {I]?’ = (xj’_l, x;f’)}j of lengths {L_‘;’ = x]”" — x;’_l}_f,
one gets decompositions of the one-particle Luttinger-Sy Hamiltonian:

hys=@DhpU?), dom(hys) c P LUY). weQ, (6.5)
J J

into random disjoint free Schrédinger operators {/p(I7)}; ., with Dirichlet boundary con-
ditions at the end-points of intervals {I;’} j- Then the Dirichlet restriction /7, of the Hamil-
tonian A¢ to a fixed interval A; = (—1/2,1/2) and the corresponding change of notations
are evident: e.g., {Ij‘f’} i {I;”}y:lgw), where M! () is total number of subintervals in A; cor-
responding to the set X“. For rigorous definitions and some results concerning this model

we refer the reader to [5].
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Since this particular choice of random potential is able to produce Lithsitz tails in the
sense of (3.11), see Proposition 3.2 in [5], it follows that such a model exhibits a generalized
BEC in random eigenstates, see (3.4). In fact, it was shown in [5] that only the random
ground state ¢’1“‘l of h’j, is macroscopically occupied. In our notations this means that

R 0 i 7 < pe,
lim — (N, (¢ = | L=
I=o0 | P = Pc lfp = Pe; (6 6)

1
lim —(N;(¢”")); =0, foralli> 1.
I—>o00 [

According to the van den Berg-Lewis-Pulé classification this corresponds to the fype I Bose-
condensation in the random eigenstates {¢{"};>.

Following the line of reasoning of Sect. 4, we now consider the corresponding BEC in
the kinetic-energy eigenstates. We retain the notation used in that section and explain briefly
the minor changes required in the application of our method to the Luttinger-Sy model.

We first state the equivalent of Theorem 4.1 for this particular model.

Theorem 6.1 Theorem 4.1 holds with the function g defined as follows

e~ IxlI7(1/2n8)

1 .
k) = d ikx nP oo
g(k) e /ﬂ;d xe ;e “GAnBy

x / L) exp(—k(sgpé(s) - i?fé(s))).

0.x)

The scheme of the proof is the same as above, cf. Sects. 4 and 5. First, we note that
Lemmas 4.1 and 4.2 apply immediately. The positivity of the random potential has to be
understood in terms of quadratic forms, see (2.4).

Before continuing, we need to highlight a minor change concerning the finite-volume
Lifshitz tails arguments. Although the Theorem 5.1 is valid for the Luttinger-Sy model, its
proof (see Sect. 5) requires a minor modification, as the assumption of Lemma 5.1 is clearly
not satisfied for the case of singular potentials. However, by direct calculation we can obtain
the same estimate with the constant B = m2/4 in (5.1). First, suppose that there is at least
one impurity in the box, then the eigenvalues will be of the form (for some j)

) /(LY)?, n=1.2,...
if 1 J‘" is an inner interval (that is, its two endpoints correspond to impurities), and
(n+1/2°7%)/(LY)?, n=0,1,2,....

If I? is an outer interval (that is, one endpoint corresponds to an impurity, and the other one

to the boundary of A;). Therefore, ET'I’N > B/’ since obviously L;‘-’ < [. Now, if there is

no impurity in the box A, then E‘{”I’N =0 < B/I>. But due to the Poisson distribution (6.2)
this happens with probability e, proving the same estimate as in Lemma 5.1.

With this last observation, the proof of the Theorem 5.1 in Sect. 5 can be carried out
verbatim, without any further changes.

Our next step is to split the measure 2, into two, 1?1,(1) and nﬁl(z)
statement equivalent to the Theorem 4.2.

, see (4.9), and prove the
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Theorem 6.2 For any d > 1, the sequence of Laplace transforms of the measures ﬁz;l):

F1(63 B, ) 1= / i (de) e
R

converges for any t > 0 to a (non-random) limit f(t; B, ioo) , Which is given by:

e~ Ix12(1/2np+1/20)

F5 B o) = ) &P /Rd S gy

n>1

x /nﬁ w"ﬂ(ds)exp<—x(sgpg(s) - irslfs(s))).

(0,x)

Proof We follow the proof of Theorem 4.2, using the same notation. The uniform conver-
gence is obtained the same way, since the bounds (4.14), (4.15), and (4.16) are also valid in
this case. As in (4.20), we can use the ergodic theorem to obtain:

e~ Ix12(1/2np+1/20)

li — PR
1320“1(”) e w/Rdx An2in)i2

Z/,,ﬂ wnﬂ(dé)XIj”’.nﬁ(S)~ (67)
Q

j ©.)

We have used the fact that the Dirichlet boundary conditions at the impurities split up the
space H; into a direct sum of Hilbert spaces (see (6.5)). This can be seen from the expression

—llxl17(1/2n8+1/21) " .
i ¢ = Ji? dsa T o cxo 8EE)—x)
lim a; (l’l) = enﬁ“"’o / dX—Ew/ wnﬁ (dg)e f() sa x ex' §)=X;
[—o00 R (47-[2[n13)d/2 np

0.x)
by formally putting the amplitude, a, of the point impurities (6.4) equal to +o00. Because of
the characteristic functions x;o .4, which constrain the paths & to remain in the interval /7
in time nf, the sum in (6.7) reduces to only one term:

5 —lxlI=(1/2np+1/2t) 5
3 _ nPBleo c - n
ll_l)r(r)loaz (n)=e /Rdx (47 2tnB)ir2 E. /ﬂ%ﬂ) W (d&) X (auy, b0y (€, (6.8)

where (a,,, b,,), is the interval among the I]‘."’s which contains 0.

The expression in (6.8) can be simplified further by computing the expectation E,, ex-
plicitly.
First, note that the Poisson impurity positions: a,,, b, are independent random variables and
by definition, a,, is negative while b,, is positive. For the random variable b,, the distribution
function is:

P (b, < b) :=P{(0, b) contains at least one impurity} =1 — e,

—Ab

and therefore its probability density is Ae~*” on (0, 0co). Similarly for a,, one gets:

P (a, < a) :=P{(a, 0) contains no impurities} = e *1l = ¢,
and thus its density is Ae** on (—oo, 0). Using these distributions in (6.8) we obtain:

) , 0 Ny . o~ IxI2(1/2nB+1/20)
lim a;(n) = &"PFo) dae™ dbe™ dx
A / / / A mp)i?

—00
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<[, W)

Q0,0

0 o0 o IxI2(1/2np+1/2)
= enﬂﬂoc )\‘2 / dae)ntl / dbe*)»b / dxs
—o0 0 R (42tnB)a/?

x /Q L @1 (supe(s) < )1 (nf(e) = a)

(0,x)

St 2 e~ IxI7(1/2np+1/20)
= "PHo) dx————
/]R (4r2tnB)d/?

infy (£(s)) 00
X / w (d§) / dae / dbe™*,
Q —o0 sup, (5(5))

(0,x)

and the Theorem 6.2 follows by explicit computation of the last two integrals. O

Proof of Theorem 6.1 Having proved Theorem 6.2, it is now straightforward to derive the
analogue of Corollary 4.1 for the Luttinger-Sy model. Note also that the Corollary 4.2 re-
mains unchanged, since only the uniform convergence was used. With these results, the
proof of Theorem 6.1 follows in the same way as for Theorem 4.1. ]

We have proved, in Theorem 6.1, that the Luttinger-Sy model exhibits g-BEC in the ki-
netic energy states. But, in this particular case, we can go further and determine the particular
type of g-BEC in the kinetic energy states. Recall that the g-BEC in the random eigenstates
is only in the ground state, that is, of the rype I, see (6.6) and [5] for a comprehensive review.
Here we shall show that the g-BEC in the kinetic-energy eigenstates is in fact of the type III,
namely:

Theorem 6.3 In the Luttinger-Sy model none of the kinetic-energy eigenstates is macro-
scopically occupied:

1

llim ?(Nl(wk))l =0 forallke A},
— 00

even though for p > p. there is a generalized BEC.

To prove this theorem we shall exploit the finite-volume localization properties of the
random eigenfunctions ¢lf‘"l of the Hamiltonian Aj’j,. Since the impurities split up the box

1
A, into a finite number M!(w) of sub-intervals { Ij“}?iﬁw), by virtue of the corresponding
orthogonal decomposition of A", cf. (6.5), the normalized random eigenfunctions ¢ are
in fact sine-waves with supports in each of these sub-intervals and thus satisfy:

2
! ()] < | ol &), 1=s <M (). (6.9)
s

We require an estimate of the size L‘Jf’ of these random sub-intervals, which we obtain in the
following lemma.
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Lemma 6.1 Let ) > 0 be a mean concentration of the point Poisson impurities on R. Then
eigenfunctions @7 are localized in sub-intervals of logarithmic size, in the sense that for any
Kk > 4, one has a.s. the estimate:

. max<;miw L]«
limsup ———— < —.
=00 Inl A

Proof Define the set

K
S = {w: max L‘;’>—lnl}.
1<j<M!(w) A

Let n:=[2Al/(k Inl)], and define a new box:

~ n K
ANi=|—|—Inl), = — Inl A;.
! [ 2(2A )2<2A“>}3 !

Split this bigger box into n identical disjoints intervals {I!, }r—y of size k Q@M 'Inl. Ifwe s,
then there exists at least one empty interval I,In (interval without any impurities), and there-
fore the set

S C U {w: I, is empty}.

1<m=<n

By the Poisson distribution (6.2), the probability for the interval I, to be empty depends
only on its size, and thus

2
P(S) <nexp( —ro—Inl) < | == | 172,
2h klnl |,

Since we choose k > 4, it follows that

Z]P’(Sl) < 00.

=1

Therefore, by the Borel-Cantelli lemma, there exists a subset Q C Q of full measure,
P(2) = 1, such that for each @ € 2 one can find /y(w) < oo with

]P’{a): max L“-’gflnl}:l,
1<j=Mi@ ' T A
for all I > ly(w). O

Now we can prove the main statement of this section.

Proof of Theorem 6.3 The atom of the measure m has already been established in Theo-
rem 6.1. Concerning the macroscopic occupation of a single state, we have

<N1(wk> Z|(¢>”’ YO (N8,
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2

1
7 2 (N

dx i ()¢ (x)
A

A

1 1 .
< 72<N1(¢?”>>17< / dx|¢>;"”(x)|> ,
i M

where in the last step we have used the bound || < 1/+/I. Therefore, by (6.9) and
Lemma 6.1, we obtain a.s. the following estimate:

oy L€
DN 5 In,

1

~| —

1
Y(Nz(Wk))z <

which is valid for large enough / and for any « > 4. The theorem then follows by taking the
thermodynamic limit. O

7 Application to Weak (Scaled) Non-random Potentials

It is known for a long time, see e.g. [24, 25], that BEC can be enhanced in low-dimensional
systems by imposing a weak (scaled) external potential. Recently this was a subject of a
new approach based on the Random Boson Point Field method [26]. In this section, we
show that, with some minor modifications our method can be extended to cover also the
case of these scaled non-random potentials.

Let v be a non-negative, continuous real-valued function defined on the closed unit cube
Ay C RY. The one-particle Schrodinger operator with a weak (scaled) external potential in
abox A is defined by:

1
b= =5 Ap (/... xa] D). 7.1

Let {¢!, E!'};> be the set of orthonormal eigenvectors and corresponding eigenvalues of the
operator (7.1). As usual we put E; < E, <--- by convention. The many-body Hamiltonian
for the perfect Bose gas is defined in the same way as in Sect. 2. We keep the notations
m and m for the occupation measures of the eigenstates {gof }i>1 and of the kinetic-energy
states respectively. We denote the integrated density of states (IDS) of the Schrodinger op-
erator (7.1) by v;, and by v =lim,_, , v its weak limit. We assume that the first eigenvalue
E’1 — 0 as / — oo, which is the case, when e.g. v(0) = 0. This assumption is equivalent
to condition (iii), Sect. 2. It ensures that for a given mean particle density p the chemical
potential p (B, p) satisfies the relation (3.6), where  := 1x(8, p) is a (unique) solution of
the equation [24]:

1 —
5= Z 7/ dxe"Bn—v(x) =/ vO(dE) dx(eﬂ(EJrv(X)*ll) _ 1) 1, (7.2)

— Qmnp)? Ja, [0,00) A

for p < p., where the boson critical density is given by:

1 / —npu(x) / 0 (E+v(x)) -1
pe=Y ——— | dxe "W = VdE) | dx(PETE) 1) (7.3)
Z (2 nB)d/? Ay [0,00) Ay ( )

n>1
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Here v° is the IDS (3.9) of the kinetic-energy operator (2.1). In particular the value p, = 00
is allowed in (7.3). If p. < oo, the existence of a generalized BEC in the states {<pf},~21
follows by the same arguments as in Sect. 3. For example, the choice: v(x) = |x|, makes the
critical density finite even in dimension one, see e.g. [24].

Now, we prove the statements equivalent to the Theorem 4.1:

Theorem 7.1 The sequence {n;};>1 of the one-particle kinetic states occupation measures
has a weak limit m given by:

fids) = | P~ pe)So(de) + Fe)°(de). if D= pe.
F(e)v°(de), if B < pe,

where the density F (¢) is defined by:
F(e) :/ dx (ePeo@ oo _ 1)*1,
Aj

and oo = oo (B, P) satisfies the relation (3.6).

We note the similarity of this result with the free Bose gas. Indeed, the kinetic-energy
states occupation measure density is reduced to the free gas one, with the energy shifted by
the external potential v and then averaged over the unit cube.

The proof requires the same tools as in the random case. As before, we split the occupa-
tion measure into two parts:

~ (1)

~ ~ (2
mp=m; +m1()

with

1
iy (A) = Y 2 T Pale ™ ) (g < 1),
!

n>1

1
iy (A) =) T Pate™ M) LGy > 1/m),
1

n>1
and we prove the following statement:

1)
1

Theorem 7.2 The sequence of measures ri,’ converges weakly to a measure m‘V, which is

absolutely continuous with respect to v° with density F (¢) given by:

F(e) = / dx (ePervmeo )7
Al

Proof We follow the line of reasoning of the proof of Theorem 4.2. Let g;(¢; S, u;) be the
Laplace transform of the measure ﬂzl(l):

&t B, ) = / m" (de)e™"®
R

1
=2 Tre ™ (e M=) 1 (1, < 1/m). (7.4)
!

n>1
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Again, our aim is to show the uniform convergence of the sum over n with respect to /. Let
1 —th® —nB(hj—p)
a;(n) ::VTre le TR (g < 1/n)
1

1
< VTre*"WI*Wl(M, <1/n). (1.5)
1

Then for p < p. we can apply a similar argument as for the random case, since the estimate
W < oo/2 < 0 still holds, to obtain:

a;(n) < e”ﬁ"wﬂ/ e Pey(de) < Kye"Preo/?,
[0,00)

If p > p., then u; < 1/n in (7.5) implies that:

B
8 —npE! e / —npu(x)
a(n)<e E e < — dxe s
o = ,~ = Qanp)i J,,

where the last estimate can be found in [24] or [25]. Now the uniform convergence for the
sequence a;(n) follows from (7.3), since we assumed that p. < co. The latter implies also
that for p > p., eo(B, p) = 0. Thus, we can take the limit of the Laplace transform (7.4)
term by term, that is:

1
lim a;(n) = lim — Tre~" e 8i=101(y, < 1/n)
[—00 [—00 Vl

. 1 0 / /
= lim —/ / dxdx’e™™ (x, x")e U= (' x)
I—o00 Vj A A
1 e~ Ix=x'I2(1/2nB+1/21)
= "t Jim — / / dxdx’
I-o0 V) A A (47'(21‘11,3)"1/2

x f w'(d§") xa,.0 (&) / " wB(dg)e B BIED/ Dy (6). (7.6)
Q! Q(X,’X)

(x,x")

Here we have used the Feynman-Kac representation for free et (x,y) and for non-free
e P (x, y) Gibbs semi-group kernels, where w’ stands for the normalized Wiener measure
on the path-space Q(Tm,), see Sect. 4.1.

Note that by Lemma A.2, which demands only the non-negativity of the potential v, we
obtain for (7.6) the representation:

lim 1 Tr e~ g=nB =)
=00 V)

1 e~ lx—xI2(1/2nB+1/21)
— "Bl lim / dx—/ dx’
=00 Jpd V[ A (47‘[2tnﬁ)d/2

) / L wdge e, (7.7)

*',x)
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Now we express the trajectories & in terms of Brownian bridges a(t) € 2,0 <1 <1, we
denote the corresponding measure by D. Letting X = x’/[, we obtain:

lim 1 Tre~M e="BUu=m)
=00 V)

e—\|x—li|\2(l/2nﬁ+l/2t)
=" lim | dx 7
oo Jra Sy, (4m2tnp)is2

np
x/@D(da)exp<—/0 dsv|:(1—%)i-ﬁ-%(x/l)—i—@a(s/nﬂ)]).

Since the integration with respect to x is now over the whole space, we let y = x — IX to get

lim 1 Tre— g=nBUu=mm)
I-o00 V;

5 —[lylI(1/2nB+1/21)
= "P** lim d
P /Rd Y fA, T Grmpyir

X/S:ZD(dot)exp< /0" dsv(x+—,8(y/l)+ﬂa(s/n,3)>>

5 e~ IVIP/2n8+1/20) o)
=" d—/ die """ @,
/]Rd Y @xunpyn

where the last step follows from dominated convergence. Therefore, we obtain by (7.4) the
following expression for the limiting Laplace transform:

1
i . — —np(E—fioc) —nﬁv(x).
zir?og](t’ B, i) n; e B+ . dxe

It is now straightforward to invert this Laplace transform (for each term of the sum), to find
that:

F(ENW'(dE) = Jim i) (dE) = Ze—"ﬂw—“w)(

n>1

dxe_”’s”(x)) vO(dE).

Ay
The theorem then follows by Fubini’s theorem. O
Proof of Theorem 7.1 The proof of Theorem 4.1 can be applied directly. Note that Lem-
mas 4.1, 4.2 are still valid, since (as we emphasized in Remarks 4.1, 4.2), their proofs re-
quire only the non-negativity of the external potential. Similarly, Corollary 4.2 now can be
used directly, since we have proved Theorem 7.2. O

Appendix A: Brownian Paths

In this section, we first give an upper estimate of the probability of a Brownian path to leave
some spatial domain, cf. e.g. [27] and the references quoted therein.
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Lemma A.1 Let the set

Qf, ) = {5(0) 1 £(0) = x,E(T) = ')
be continuous trajectories from x to x' with the proper time 0 < t < T, and with the normal-

ized Wiener measure w” on it. Let x,x’ be in A;, and Xa,,7(&) the characteristic function

over Q(TX,X,) of trajectories & staying in A; for all 0 <t < T. Then one gets the estimate:

- i X, 0 x',0 2
[ @1 = @) < e CO w0 (A1)
Q

(x.x")

Proof Define a Brownian bridge a(s),0 <s <1 by:
E)=01—1/T)x+1/T x' +VTa(x/T).

Let us consider first the one dimensional case, i.e. A; =[—[/2,1/2]. Without loss of gener-
ality, we can assume that:

d(x,0A) <d(x',0N)).
Suppose that x > 0, then we have:
—x<x'<x and d(x,0A)=1/2—x.

Assume that the path £ leaves the box on the right-hand side. Then, for some ¢, we have:
£ > L
> =,
2

1 /1 t
a(t/T)>ﬁ<§+(t/T—l)x—?x), (A2)

a(t/T) > %(é 4+ /T —1x — %x) = %d(x, dIA)).

The case, when £ leaves the box on the left-hand side can be treated similarly.
Let x < 0, then we have:

x<x'<—-x and d(x,0A)=1/2+x.

Again, assume that the path leaves the box on the right hand-side. Then, for some 7, we
have:

£ > L,
2
1 (1 t
a(t/T) > L<£ —(@/T - Dx' — ix/) > La,'()c,aA[).
/T \2 T T
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The case, when & leaves the box on the left hand-side can be considered similarly. The
relations (A.2), (A.3) imply that if £ leaves the box A; in one dimension, then the Brownian
bridge « must satisfy the inequality:

sup |a(t/T)| > C(T)min{d(x, dA;),d(x’, dA))}, (A4)
t
for some constant C (7).
This observation can easily be extended to higher dimensions, when x := (xq, ..., x4)
and a(s) := (a1 (s), ..., a4(s)). Now, if £ leaves the (d-dimensional) box A;, there exists at

least one i such that similar to (A.4):
sup lo; (¢/T)| > C(T) min{d (x;, 3; A;), d(x}, 8; A},
'
where we denote d(x;, d;A;) := min{l/2 — x;,1/2 + x;}. Now, since A; are cubes, we get
d(x;,0;\;) > d(x,dA;) for any x € A;. Then we obtain:
la@/ T > lai(t/T)I, i=1,....d,
sup lec(/T)|| > max sup loi (/T

(A.5)
sup a(t/T)|| > C(T)min{d (x;, & A;), d(x;], 9; A)}

> C(T)min{d (x, dA;), d(x', IA))}.

Therefore, the probability for the path & to leave the box is dominated by the probability for
the one-dimensional Brownian bridge o to satisfy (A.5). The latter we can estimate using
the following result from [27]:

P(supa(s) > x) > A€
valid for some positive constants A, C, which implies the bound (A.1). ]
Now we establish a result, that we use in the proof of Theorem 4.2:

Lemma A.2 Let K|, ,(x,x), K, (x,x"), Kj(x, x") be the kernels of operators exp(—thy’),
exp(—th?), and exp(—t A /2) respectively. Then

1
lim — dxdx'K{,(x, x"V K" (x", x)
100 Vi Ja, Ja, ’ “

1 n, 7 _ B o} .
= lim dx—/ dx’Kg”(x,x)/ w™ (dg)e o dsvUEG) (A.6)
=00 Jra Vi Ju, af,

Proof By the Feynman-Kac representation, we obtain:

1
lim —/ dxdx’ K, (x, x)V K (x', x)
A SN ’ '

I—-o00 V)
1 e~ lx—xI2(1/2nB+1/21)
= lim —/ dx dx’
[=00 ‘/1 A A (47T2tn/3)d/2

_mB 0}
x /”ﬂ w (dg)e™Jo~ 4V (g(x))XA,,nﬂ(f)/t
Q

(! ,x) (x,x"

w'(d&) xa, .1 (E).
)
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To eliminate the characteristic functions restricting the paths £, £’ in the last integral, we
shall use Lemma A.1. First, we estimate the error y (d) when we remove the restriction on

the path &:

1 o~ Ilx=x'1*(1/2n8+1/21)
d):=1lim — [ dx [ dx
v(d) lggo \ /A/ /Al * (47‘[2tn,3)d/2

1B 1o0® (£ (s
x / WP EE)eT o ETEN (L 5(8)) f w' (dE") xn,. (§)
Q" Q!
( x) (x,x7)

ef\|xfx'||2(l/2nﬂ+l/2f)
’

1
S np _
< lim /A[ dx dx (4n2tn,8)d/2 /g"ﬁ w (d%')(l ONRT: (5))

=00
! Ay (' ,x)

e~ lx—=xI2(1/2nB+1/21)

1
< lim — dx | dx'T{d(x,0A d(x', 0N
_1—1210 v /Az A { (x 0> dx l)} (4m2tnp)d/2

x /”ﬂ w(d€) (1 — xa,np(E))
»',x)
1 , ) o~ =121 /2nB+1/20)
lim — [ d dx'T{d(x,dA; <d(x',dA
+ lim /A, X N {dx, 08, <d(x D} (42tnB)ir2

I—o00 V)

X /,,ﬂ w? (d€) (1 = xanp(©))
%)

. 1 a2
< lim —/ dx/ dx/K(’)(x,x')Kgﬁ(x’,x)e_C(”ﬁ)(d(" 0
I—-o00 Vj A A

.1 .

+ lim — / dx / dx' Kl (x, x') K (x| x)em CO@@nn? (A7)
=00 Vi Ja, U,

where the last step is due to Lemma A.1. Since all integrands are positive, we can extend

one of the spatial integrations to the whole space, and hence we get:

1 ’
y(d < lim _/ dr | dv'Kjr, XKy (0, xpem (P on?
0 ‘/1 R4 A

1 n, /
+ lim —/ dx/]Rd dx' K0, x VK P (x/, x)eCop@eany?
A

=00 V)

-0V

. 1 ! 2 . 1 ’ 2
< Tim — K [ gy COpEeang? | g _Ké+nﬁ/ dice—COME@EIA)
Ap

=00 V) A

where we have used the notation Ké”ﬂ = Ké”ﬁ (x, x) since these are independent of x.

Finally, using the fact that the boxes A; are cubes of side /, we obtain:

"2 .
dxe=COPU2=xD" 4 {im dxe

l—o00 12

t+np 12 t+np 12
y(d) < lim Ko Ko / —Cwp)I/2-x* _ .
l—o00 vy B
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We can estimate the error estimate due to the removal of the characteristic function for £’ in
(4.18) in the same way. Therefore, we get:

—\IX—X’HZ(I/Znﬂ+l/2t>

lim — dxdx
v /A A (@m2tnp)r

=00 V]
x /nﬁ nﬂ(dg_—)e fO dSUw(E(V))XA ﬁ(%‘)/ w (ds )X/\, I(E)
Q
(x,x’

(' .x)

o~ Ix—=xI2(1/2nB+1/21)

= lim — dxdx’
v /A /A T gy

-0 V]

x / w" (dg)e 0" ) / w" (d&").
np 1904

(x.x’)

(A.8)

(x',x)
Now we show that one can replace the first integration over the box A; by one over the
whole space. Let y (d) be the error caused by this substitution. Then by the positivity of the

random potential we get the estimate:
ef\|x—x’\|2(1/2nﬁ+l/2r)

y(d) := lim —
r@O=Iny, fRa\A, / Axtnpy
x / W (dg)e o ) / w (d')
Q"ﬂ’ o
(x/,x) (x.x")
1 e~ Ilx=x'IP(1/2nB+1/21)
< lim — / dx dx’ (A9)
I-o00 V) RI\A; A (47T2tl’lﬂ)d/2
In the one-dimensional case the estimate of the error term (A.9) takes the form
1/2 1/2—x —y2(1/2nB+1/21)
< 11m dx
7= / /1/2 —x (4712tn/3)‘/2
12=x o=y*(1/2nB+1/20)
(A.10)

lim dx .
+H°° l //z /1/2 —x (4n2tn,3)1/2
For the first term one gets:

~12 1/2—x
hm dx /

e —y2(1/20B+1/21)

=00 | 1/2—x (47T2”l13)1/2
7v2(l/2nﬂ+l/2t) 12
= lim - _ dx
I=oo | Jo (4772”15)1/2 /71/27}1

) e—y2(1/2nﬂ+l/2t) 12—y
/ dx =0.

1
li i
AT Y @) 2

I—o0 [ —1)2—y

One obtains a similar identity for the second-term in (A.10). Direct calculation shows that
the error term for higher dimensions (A.9) reduces to a product of one-dimensional terms

(A.10). Then (A.8) gives:
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1 e~ lx=x'IP(1/2nB+1/21)
lim —/ / dxdx’
=00 ‘/l AN (472'21‘}'1,3)‘1/2

X/”,; wnﬁ(dé)eif(;lﬂdAYU‘U(E(S))XA],nﬂ(E)/ w[(dé/)XA,,t(é/)
QI

(') (x,x")

1 e—Hx—x’\|2(1/2nﬁ+l/21) o
= lim dx—/ dx’ / wnﬂ(dg)ef o dsv (E(s))’ (A.11)
ki Vi, @x2mp)yr g

[—o00
(x",x)

which finishes the proof of (A.6). O

Appendix B: Some Probabilistic Estimates

First we recall the assumptions on the random potential v* used in [14], and which we also
adopt in this paper:

1. (a) On the probability space (£2, F, P) there exist a group of measure-preserving metri-
cally transitive transformations {7},} ,cgs of €2, such that v(x + p) = vTr@ (x) for all
x,peRY;

(b) E,{f,, dx[v(x)[} < oo, where k > max(2,d/2).

2. Forany A C R?, let X be the o -algebra generated by the random field v®(x), x € A. For
any two arbitrary random variables on €2, f, g satisfying (i) |g|. < 00, E,{| f|} < oo and
(ii) the function g is ¥4, -measurable, the function f is XA,-measurable, where A, A,
are disjoint bounded subsets of R?, the following holds

IE{l f.g1} — E{Lf DE{Ig1} < [gloE{l f 1} (d(A1, A2))

with ¢ (x) — 0 as x — o0, and d(A, A;) the Euclidean distance between A and A,.

After recalling these conditions, we can give a sketch of the proof of Lemma 5.1.

Let h;”’N to be the Schrodinger operator (2.3), with Neumann boundary conditions in-
stead of Dirichlet, and denote by {E,f‘”l N o LN }i>1 its ordered eigenvalues (including de-
generacy) and the corresponding eigenvectors. Similarly we define the kinetic energy op-
erator h?’N with the same boundary condition, and denote by {5,’;N , 1//,f’N }is1 its ordered
eigenvalues (including degeneracy) and corresponding eigenvectors. The following result is

due to Thirring, see [28]:
Lemma B.1 Ler vy, = v A, for A, a > 0. Then,

| -1
ET'I’N > —\a +min=812'N7 [7/ dx(vﬂa(x))_li| }
Ap

1
Proof Let P to be an orthogonal projection in .5¢7. Then for any vector ¢ from the intersec-
tion Q(vy,) N Q((Vy ) *P (g )'?), we have:

(@, V7, 9) = (V7 )¢, (v ) *¢)
= (00 )" ¢, Py )" ?¢) + (02 )2, (1 — PYWP ) 9)
> (7). P(v7 )" ),
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and therefore,
1 1
—3 ANV Z — 5 AN+ () PO, (B.1)
in the quadratic-form sense. Let us choose:
0 \— D s o \— s 15w \—
Pi= @)™ PP )T ™) T PG T,

where P is the orthogonal projection onto the subspace spanned by the vector W{‘N . It can
be easily checked that P is an orthogonal projection. Applying (B.1) to the function ¢‘f"l’N

one gets:
9 w 1 ® w,l, © \— -1
B tiaz (% o, <_EAN>¢>1 "‘N) 1@ P o))

1 —1
zZ|(¢?'l*”,w,i”>|ze£”+|<¢$~”N,w{”v>|2[vl dx(v;’,,)[(x))*'] :

k>1 A

But since the Neumann boundary conditions imply that 811’N =0, we obtain
1 -1
EP'Y e = (L= 1@ gy P + 107" {-”W[Vl dx(v;“,(xx))”} :
A

To finish the proof, we have to study separately the two cases, namely, slz’N less than and
greater than [y [, dx(vy,(x))™'17", 0

Proof of Lemma 5.1 By Lemma B.1,with A = B/I? and « as defined in assumptions, i.e. for
B=n/(14+a),a > p/(1— p), we have:

B
ET‘I’N > _02_2 +min(r /1%, 1/X)),
where
1 1
Xpim o | v
ViJa, ve(x)+ Ba/l?
Therefore,
B
EoMN _ 2 5 Ty min(w /1%, 1/X{).

[ERE
Hence, the inequality £ i”‘l‘N < B/I? implies that X P>1 2/ and consequently:
P(ECN < BJI?) <P(XP > I2/7). (B.2)

Define a random variable Y,”(§) := V! f A dx &/(v®(x) + &), which is an increasing func-
tion of 8. Then for the left-hand side of (B.2) one gets the estimate:

P(ECY < B/1%) <P Y*(Ba/l?) > —2— ).
(Ey"" <B/I) < 1(05/)>H_a
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By Lemma 2 in [14], we know that for any positive § the random variables {¥;”(§)};, con-
verges geometrically to alimit Y, (8) as [ — oo, that is, for any € > 0, there exists a constant
M (8, €) such that

P(1Y°(8) = Yoo (8)| > €/2) < e MV

for [ sufficiently large. By the ergodic theorem Y, (§) is non-random and can be expressed
as:

YOO(B) =Ew<m>»

which is again a monotonic function of § > 0. Notice that by condition (ii), Sect. 2, we have
lims_,¢ Yoo (8) = p.
Choose € > 0 such that p + € < /(1 + «). Then we have

]P(E’f"’” < IE;) <P(Y?(Ba/I*) > p +e¢).
Now we choose é such that
Yoo(8) —p <€/2,
and let /j be defined by § = Ba/ 13. Then for any [ > [, we have:

P(EPN < B/I?) < P(Y?(Ba/I) > p+€) <P(Y(8) — p > €)
fIP('Ylw((S)_YOC(SN >6/2) fe*M(S,e)Vl. 0
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